Besides the well known Wiener index, which sums up the distances between all the pairs of vertices, and the hyper-Wiener index, which includes also the squares of distances, the edge versions of both indices attracted a lot of attention in the recent years.
Introduction
The Wiener index of a graph is defined as the sum of distances between all pairs of vertices in the graph. It was introduced in 1947 by Wiener [33] and represents one of the most studied molecular descriptors. On the other hand, the hyper-Wiener index takes into account also the squares of distances and was first introduced by Randić in 1993 [30] .
The research on the Wiener index, the hyper-Wiener index and other distance-based descriptors is still a popular topic, see papers [7, 13, 18, 29] for some recent investigations.
The edge-Wiener index of a graph was introduced in [21] as the Wiener index of the line graph and has been since then intensively investigated [1, 3, 6, 12, 20, 27, 28] . However, the concept was studied even before as the Wiener index of line graphs, see [4, 17] . Similarly, the edge-hyper-Wiener index was introduced in [22] .
A cut method is a powerful method for efficient computation of topological indices of graphs. Some of the earliest results are related to the computation of the Wiener index of benzenoid systems and are presented in [8, 9, 25] . See also [26] for a survey paper on the cut method and [2, 10, 11, 32] for some recent investigations on this topic. In [23] a cut method for the edge-Wiener index of benzenoid systems was proposed and in [31] a cut method for the edge-hyper-Wiener index of partial cubes was developed.
Beside benzenoid hydrocarbons, phenylenes represent another interesting class of polycyclic conjugated molecules, whose properties have been extensively studied, see [14, 15] .
The Wiener index and the hyper-Wiener index of phenylenes were studied in [16] and [5] , respectively. In this paper, we consider methods for computing the edge-Wiener index and the edge-hyper-Wiener index of phenylenes and use them to obtain closed formulas for linear phenylenes.
Preliminaries
The distance between two vertices u, v of a graph, denoted by d G (u, v), is defined as the length of a shortest path between u and v. The Wiener index of a connected graph G is
To point out that it is the vertex-Wiener index, we will also write W v (G) for W (G). From some technical reasons we also set d G (x, y) = d G (x, y). The distance between two edges e, f ∈ E(G), denoted by d G (e, f ), is the usual shortest-path distance between vertices e and f of the line graph L(G) of G. Here we follow this convention because in this way the pair (E(G), d) forms a metric space. Then the edge-Wiener index of a connected graph G is defined as
In other words, W e (G) is just the Wiener index of the line graph of G. On the other hand,
for edges e = ab and f = xy of a graph G it is also legitimate to set
Replacing d with d in (1), another variant of the edge-Wiener index is obtained (see [24] ) and we denote it by W e (G). However, there is an obvious connection between W e (G) and
:
Finally, the vertex-edge Wiener index is
where for a vertex x ∈ V (G) and an edge e = ab ∈ E(G) we set
Next, we extend the above definitions to weighted graphs. Let G be a connected graph and let w : 
Again, we will often use W v (G, w) for W (G, w) and W e (G, w ′ ) is defined analogously as
For an efficient computation of the Wiener indices of weighted trees we need some additional notation. If T is a tree and e ∈ E(T ), then the graph T − e consists of two components that will be denoted by C 1 (e) and C 2 (e). For a vertex-edge weighted tree (T, w, w ′ ), e ∈ E(T ), and i ∈ {1, 2} set
We then recall the following results:
Note that Equation (3) was proved in [25] , Equation (4) in [34] and Equation (5) in [23] .
The hyper-Wiener index and the edge-hyper-Wiener index of G are defined as:
Let H be the hexagonal (graphite) lattice and let Z be a cricuit on it. Then a benzenoid system is induced by the vertices and edges of H, lying on Z and in its interior. Let B be a benzenoid system. A vertex shared by three hexagons of B is called an internal vertex of B. A benzenoid system is said to be catacondensed if it does not possess internal vertices. Otherwise it is called pericondensed. Two distinct hexagons with a common edge are called adjacent. The inner dual of a benzenoid system B is a graph which has hexagons of B as vertices, two being adjacent whenever the corresponding hexagons are also adjacent. Obviously, the inner dual of a catacondensed benzenoid system is a tree.
Let B be a catacondensed benzenoid system. If we add squares between all pairs of adjacent hexagons of B, the obtained graph G is called a phenylene. We then say that B is a hexagonal squeeze of G and denote it by HS(G) = B.
Let G be a phenylene and B a hexagonal squeeze for B. The edge set of B can be naturally partitioned into sets E
, and E ′ 3 of edges of the same direction. Denote the sets of edges of G corresponding to the edges in E ′ 1 , E ′ 2 , and E ′ 3 by E 1 , E 2 , and E 3 , respectively. Moreover, let E 4 = E(G) \ (E 1 ∪ E 2 ∪ E 3 ) be the set of all the edges of G that do not belong to B. For i ∈ {1, 2, 3, 4}, set
, has connected components of G i as vertices, two such components C and C ′ being adjacent in T i if some edge in E i joins a vertex of C to a vertex of C ′ . In a similar way we can define the quotient graphs T
It is known [8] that for any benzenoid system its quotient graphs are trees. Then a tree T ′ i is isomorphic to T i for i = 1, 2, 3 and T 4 is isomorphic to the inner dual of B.
Now we extend the quotient trees
• for C ∈ V (T i ), let w i (C) be the number of edges in the component C of G i ;
• for E = C 1 C 2 ∈ E(T i ), let w ′ i (E) be the number of edges between components C 1 and C 2 .
A method for computing the edge-Wiener index of phenylenes
In this section we show that the edge-Wiener index of a phenylene can be computed as the sum of Wiener indices of its weighted quotient trees. The obtained result is similar as the result for the edge-Wiener index of benzenoid systems [23] , but one additional quotient tree must be considered.
Proof. Let G be a phenylene and let T 1 , T 2 , T 3 , T 4 be its quotient trees. For any i ∈ {1, 2, 3, 4} we define
We will first show that
holds for any pair of edges e, f ∈ E(G). Let e = ab, f = xy such that
. Select any shortest path P from a to x in G and define F i = E(P ) ∩ E i for i ∈ {1, 2, 3, 4}. As P is a shortest path, no two edges of F i belong to the same cut. Since
| it suffices to show that for i ∈ {1, 2, 3, 4} it holds
In order to show that
, we consider the following cases:
• e / ∈ E i and f / ∈ E i .
In this case we have α i (e) = C 1 and α i (f ) = C 2 and the desired conclusion is clear.
• Exactly one of e and f is in E i .
We may assume without loss of generality that e ∈ E i and f / ∈ E i . Then α i (e) =
• e ∈ E i and f ∈ E i .
Since in all possible cases
, Equation (7) holds. Applying this result we obtain
The obtained sums can be divided into three sums regarding the function α i from Equation (6):
Application of the definition of the weighted trees finally results in
The weighted Wiener indices of trees can be computed in linear time by using Equations (3), (4), and (5). Also, the quotient trees can be obtained in linear time as well, for the details see [23] . Consequently, we obtain the following corollary. 
A method for computing the edge-hyper-Wiener index of phenylenes
In this section, we briefly introduce the method for computing the edge-hyper-Wiener index of phenylenes, which is based on a general method for partial cubes, see [31] . First, we state some important definitions.
Two edges e 1 = u 1 v 1 and e 2 = u 2 v 2 of graph G are in relation Θ, e 1 Θe 2 , if
Note that this relation is also known as Djoković-Winkler relation. The relation Θ is reflexive and symmetric, but not necessarily transitive [19] .
The hypercube Q n of dimension n is defined in the following way: all vertices of Q n are presented as n-tuples (x 1 , x 2 , . . . , x n ) where x i ∈ {0, 1} for each 1 ≤ i ≤ n and two vertices of Q n are adjacent if the corresponding n-tuples differ in precisely one coordinate.
A subgraph H of a graph G is called an isometric subgraph if for each u, v ∈ V (H) it
. Any isometric subgraph of a hypercube is called a partial cube.
For an edge ab of a graph G, let W ab be the set of vertices of G that are closer to a than to b. We write S for the subgraph of G induced by S ⊆ V (G).
The following theorem gives two basic characterizations of partial cubes:
Theorem 4.1 [19] For a connected graph G, the following statements are equivalent:
(ii) G is bipartite, and W ab and W ba are convex subgraphs of G for all ab ∈ E(G).
(iii) G is bipartite and Θ = Θ * .
Furthermore, it is known that when G is a partial cube and E is a Θ-class of G, then G − E has exactly two connected components, namely W ab and W ba , where ab ∈ E.
For more details about partial cubes see [19] .
To state the method for computing the edge-hyper-Wiener index of any partial cube, we need to introduce some more notation. If G is a partial cube with Θ-classes E 1 , . . . , E d , we denote by U i and U ′ i the connected components of the graph G − E i , where i ∈ {1, . . . , d}. For any distinct i, j ∈ {1, . . . , d} set
Also, for i, j ∈ {1, . . . , d} and k, l ∈ {0, 1} we define In the following, the contribution of the pair Hence, for phenylene G with d elementary cuts it holds
square of P H, otherwise we say that it is internal. If an internal hexagon has common edges with exactly two other squares, then it has exactly two vertices of degree two. If this two vertices are not adjacent, we say that such hexagon is linear. A phenylene is called linear if all its internal hexagons are linear. A linear phenylene with exactly n hexagons will be denoted by P H n , see Figure 2 . We first compute the edge-Wiener index. Therefore, we determine the weighted quotient trees from Figure 3 . From the obtained trees it is easy to calculate the sums of weights in corresponding connected components. The results are collected in Table 1 . Table 1 . Sum of weights in the corresponding connected components of quotient trees T 2 = T 3 and T 4 .
Using Table 1 we can compute the corresponding Wiener indices of T 2 (which are the same also for T 3 ):
From Table 1 we also get the corresponding Wiener indices of T 4 :
However, the computations for T 1 are trivial:
Finally, using Theorem 3.1 we conclude
and by Equation (2) it follows
Next, we consider the edge-hyper-Wiener index of linear phenylenes. We denote the elementary cuts of P H n with A, B 1 , . . . , B n , C 1 , . . . , C n , and D 1 , . . . , D n−1 as shown in Figure 4 .
The contributions of all the pairs of elementary cuts are presented in Table 2 . (8n 4 − 16n 3 + 10n 2 − 2n) Table 2 . Contributions of pairs of elementary cuts for P H n .
The expressions from Table 2 
